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CERTAINGENERALIZATIONS OF ENESTROM-KAKEYATHEOREM

A. CHATfOPADHYAY.S.DAS.y,I<..JAINandH. KONWAR
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1. INTRODUCfION AND STATEMENTOF RESULTS

The following result is well known in the theory of the distribution of zeros
of polynomials,

n

THEOREM A (Enestrom-Kakeya). If p(z) = 1; ajzj is a polynomial of degree
j=O

n such that

an ~ an_ I ~ an - 2 . . . ~ al ~ ao > 0,

then all its zeros lie in Izi :5 1.

There already exist in literature [1-15], certain generalizations and refinements
ofEnestrom-Kakeya theorem. Joyal et al. [13] obtained the following generaliza-
tion, by considering the coefficients to be real, instead of being only positive.

THEOREMB. If

an ~ an _ I ~ an - 2 ~ . . . ~ a2 ~ al ~ aO,

n

then the polynomial p(z) = 1; ajzj has all its zeros in the disc
j=O

I I< an - ao + Iao I
z -. lanl .

AzizandMohammad[1]obtainedthe followinggeneralizationof TheoremA.
n

THEOREMC. Let p(z) = 1; ajzj be a polynomial of degree n, with positive
j=O

coefficients. If tl > t2~ 0 can be found such that
,

artlt2+ar-I(tI-t2)-ar-2~O, r= 1,2,.. .n+ I, (a_I=an+1 =0),

then all zeros of p(z) lie in Izl:5 tl'

We have obtained a generalization of Theorem C, by following the direction

of generalization of Theorem A to Theorem B and also a refinement of Theorem
C. More precisely, we have proved

n

THEOREM1. Let p(z.) = 1; ajzj (ao '#0), be a polynomial of degree n, with
j=O

real coefficients such that for certain non-negative real numbers t), t2

(tl ~ t2and tl '#0),

artlt2 + ar_l(tl - t2) - ar-2 ~ 0, (r = 1,2,. .. ,n + I), (1.1)

a_l=an+I=O. (1.2)
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Then p(z) has all its zeros in

j

aot2 laolt2

)

ant I - ---"+-,,-
laoltlt2 tl tl

minI n+1 n+1 ,tl
) :5IZI:5max I I ,tl .(1.3)llaolt, + ant] - aot2 an

Thinkingagain in terms of TheoremB. but indirectly,with its following
generalizationobtainedby Gardnerand Govil [6],

n

THEOREMD. Let p(z) = 1; ajzj be a polynomial of degree n. If Re aj=aj
j=O

and 1m aj =~jfor j = 0, I, 2, . . . , n, and for some k and rand for some t ( > 0),

< < t2 < < k > t k+ I > > 2ao - tal - 0..2- . . . - t ak - ak+1- . . . _ t am (1.4)
and

~0:5 t~1 :5t2~2:5 . . . :5 1'~r ~ 1'+ I~r+ I ~ . . . ~ tn~m (1.5)

then p(z) has all its zeros in RI :5lzl :5 R2' where

RI =min {(tlaol /(2(tkak + 1'~r) - (0..0+ ~o) - tn(an + ~n -Ian!))' t}

R2 =max {(Iaoltn+ 1_ tn-I(ao + ~o) - t(an + ~n) + (t2 + 1)(tn-k-Iak
k-I r-I

+tn-r-l~r)+(t2-1)( 1; tn-j-Iaj+ 1; tn-j-I~)
j= I j= I

n-I n-I

+(I-t2)( 1; tn-j-Iaj+ 1; tn-j-I~)/lanl,1/t}.
j=k+1 j=r+1

we have obtained, by making inequalities in (1.4) and (1.5), getting reversed at
p indices and q indices respectively, the following generalization of Theorem
D:

n

THEOREM2. Let p(z) = 1; anzj, be a polynomial of degree n. If Re aj = aj'j=O

1m aj = ~j' for j = 0, 1,2, . . . ,n and for certain non-negative integers

kl, k2,.. ., kp;r" r2," ., rqand for certain t> 0

ao:5 tal :5. . .:5tk1ak ~ tkl + lak + I ~ . . .~ tk2a,k.:5tk2+ lak.+I :5. . ., (1.6)I I __
130:5t~I:5. ..:5 1'1~rl~ trl+ I~rl+I ~.. . ~ tr2~r2:51'2+l~r2+1:5. ... (1.7)

(withinequalitiesgetting reversedat p indicesk), k2,. . . ,kp in (1.6)and tnam
being the last term in (1.6), and similarly, inequalitiesgetting reversedat q indices
rl' r2' . . . , rq in (1.7) and tn~nbeing the last term in (1.7», then all zeros of
p(z) lie in

RI :5lzl :5R2,
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.

(
tZlaol t

]

=tZlaol = tZ1a~1

RI =mm MI' MI MI

(

M2 1

)Rz=max lanl't'

M1= tM;,

M;=-{ao+(-It+lantn+ f (-I)Uak,l'}
U= I

q

- (~o+(-I)q+l~ntn+ ~ (-I)"~rl'} +Ianltn,
s=l

p

Mz=[-aotn-I+(-If+lant+(tz+I) ~ (-I)"ak/-ku-I
u=1

p ku+I-1

+ (tZ_ 1) ~ ((-1)" +I ~ amtn- m- I }]
u=o m=ku+1

q

-[~otn-]+(-I)q+l~nt+(tz+I) ~ (_I)"'~r,tn-r,-l
,'= I

q '.t+ 1-)

+(tZ-l) ~ {(_I)s+1 ~ ~vtn-v-I}]+laoltn+l,
s=o v=r,+ 1

I4J = ro = 0,

kp+1=rq+1=n.

Finally, in this paper, we prove two more results, (each, a generalization of
Enestrom-Kakeya theorem), with first one being somewhat similar to Theorem 2
and second one being somewhat similar to Theorem D.

n

THEOREM3. Let p(z) = ~ ajzj be a polynomial of degree n, with complex
j=O

coefficients such that

larg aj - ~I~ a ~ 1tI2, j = 0, 1, . . . ,n,

for ceratin real ~ and for certain non-negative integers kl> k2, . . . ,kp and for
certain t > 0

I I< tl 1< < tk'i 1'> t k,+1
1 I > > k'i l<tk2+]

1 1
< (18)ao _ al -'" - akl - akl + 1 -'" - t - ak2 - ak2+ I ..

(with inequalities getting reversed at p indices kl>kz,. . . ,kp in (1.8) and tnlanl.

being the last term in (1.8». Then all zeros of p(z) lie in

R3 ~ Izl ~R4,
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where

.

(
tZlaol t

]
= tZlaol = tZI~1

R3 =mm M3' Mo M3

(

M4 1

)R4=max laol't '

M3= tM;,

I P

M3= - {2 cos a ~ (-I)m/akJtk.. + lao/+ (-It+ Ilanltn}
m=1

n-I

+ 2 sin a ~ lajltj + (-lao/ + /anltn) sin a + lan/tn,
j=O

p k..+ I-I

Mz= - [cosa {(tz- 1) ~ «_I)m+ I ~ la.,ltn -s-I)}
m=O s=k..+ I

p

+ (tZ + 1) ~ (-Itlak..ltn-km-I + laoltn- ](1 + tZ)
m=1

n

+ (-It + Ilan/t] + sin a { ~ (tlajl +Iaj- d)tn - j}.+ lao/tn + I,
j=1

I4J = 0, kp + 1 = n.

n

THEOREM 4. Let p(z) = ~ ajzj. (Re aj= aj. 1m aj= ~j. for j = O.1.2.j=O

. . . , n), be a polynomial of degree n such that, for certain real ~.

larg ar ~I ~ a ~ 1tI2. for j= 1.2 , n,

andfor certain t (> 0) and k (0 < k ~ n)

laol ~ t/ad ~. . . ~ tk/akl ~ tk+Ilak+ II ~. .. ~ tnlanl.

Then all zeros of p(z) lie in

Rs ~ /zl ~R6.
where

tZlaol
Rs = Ms .

R6=max(I~I'+}
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n
+1 .

Ms=tn (lalll-lall\)-tlCX{)l+ L Itl~jl-l~j_1IItJ
j= I

n

+ 2 sin a (t1l2 L lapj- 111/2tj)+ 2tk+ Ilakl,
j=1

n-I

I

tn+Ilaol + tn-IICX{)I-tlanl + (1- t2) L lajltn-j-I
j=1

n n' k =O.

+j:lltl~jl-l~j_llltn-j + 2 sin a (t1l2j:llapj_111I2tn-j),

M=

k-I

tn+I laol- tn-IICX{)\-tlanl + (t2 - 1) L lajltn-j-I
j=1

n-I

+(I+t2)tn-k-Ilakl+(I-t2) L lajltn-j-1 ~,I:5k:5n-l,
j=k+1

n n

+ L Itl~jl-l~j_dltn-j+2sina(tl/2 Llajaj_dIl2tn-j)
j= 1 j= I

n-I

,

tn+llaol-r-IICX{)I+tlanl+(t2-1) L laj\tn-j-I
j= I

n n' k = n.

+ j:lltl~jl-I~j_ dltn-j + 2 sin a (t1/2j:llajaj_ dI/2Jn-j)

2. LEMMAS

For the proofs of the theorems, we require the following lemmas.

LEMMA1. Let fez) be a polynomial of degree n, with

M(r) =max If(z) I, (r> 0).
Izl=r

Then

M(rl) M(r2)
;;- ~ ;;- , 0 < rl < r2.

rl r2

Equality is attained only if the polynomial is of the form cz".

This lemma is due to Polya and Szego [16, Part Ill: Problem no. 269].

LEMMA2. If aj and aj_I are two complex numbers with

larg aj - ~1:5a:5 Trl2,

larg aj_1 - ~1:5a:5 Trl2,

for certain real ~, then

lar aj_ 112:5(Iajl-Iaj- 11)2cos2a + (la}1+ laj- d)2 sin2a.
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This lemma is due to Govil and Rahman [9, Proof of Theorem 2].

LEMMA3. Under the same hypothesis, as in Lemma 2,

lar aj_ d :5l1ajl-laj- dl cos a + (Iajl + laj- d) sin a.

Proof of Lemma 3: It folows easily from Lemma 2.

LEMMA4. Under the same hypothesis, as is Lemma 2,

laj - aj_112:5 (Iajl-Iaj-I \)2 + 4lajaj_11 sin2 a.

This lemma is due to Jain [10, Proof of Theorem 2].

LEMMA 5. If aj (Re aj =aj, 1m aj =~j) and aj_1 (Re aj-l =aj_ (.
1m aj_1 =~j-l) are the two complex numbers with

larg aj - ~I :5 a:5 Trl2,

larg aj _ I - ~I :5 a:5 Trl2,

for certain real ~, then

laj - aj-II :5llajl-laj-111 + II~jl-l~j-l 11'+2laj' aj_111I2sin a.
Proof of Lemma 5: We have

(Iajl-Iaj-I \)2= <lajl-Iaj-I 1)2+ <I~jl-l~j_1 1)2

+ 2(lapj_11 + l~j~j_II-lajaj_1 I)

:5(lajl-laj_1 1)2+ <I~jl_l~j_1 \)2,

which, by Lemma 4, implies

laj - aj_112:5(lajl-laj_1 \)2+ (l~jl-l~j_1 /)2+ 4lajaj_11sin2a.
and Lemma 5 follows.

3. PROOFS OF THE THEOREMS

Proofof Theorem1. Weconsiderthe polynomial

F(z) =(t2+ Z)(tl - z) p(z) (3.1)

= -ani + 2 + (an(tl - t2) - an _ I)Zn - J + (antlt2 + an -I(tl - t2) - an _ 2)Zn + . . .

+ (a2tlt2+ al(tl - t2)- ao)i + (altlt2 + ao(tl - t2))Z+ aotlt2' (3.2)

Further, let

G(z) = zn + 2F( l/z)

= -an + (an(t) - t2) - an- ))z

+ (ant)t2 + an-)(tl - t2) -an-2)i +. .. + (a2t)t2 +a)(tl - t2) -ao)z"

( ( ))
n + ) n + 2

+ alt)t2 + ao tl - t2 Z + aotlt2Z ,
= 'Jf(z) + aotlt2zn + 2, say.

(3.3)

(3.4)

(3.5)
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We now have on Izi = 1/11'

1
1'V(z)IS;lan 1+ (an(11 - lV-an - I) -II

1
+ (an1112+ an-I(II - (2)- an-2) "2 +. ..

II

1 1
+ (a21112+ al(11 - (2)-aO)-+(aIII12+ao(11- (2»- + I (by (1.1) and (1.2»

If If

12

= Ian I+ an - ao If + I '

and therefore, by Lemma 1, we have, for Izl~ lItl

1'11(,)1 $ (la,1 + a, - ao,;~ ,)1'I" ',r' "

which,by (3.5),helpsus to write

IG(,)I> laol',',1'1'" - (la, 1+ a"- ao,;~ I)1' I" ',r" . 1,1> litI
>0,

if

{I I

nTI n+1

)
I I

an II + anII - aol2 1
z >max I I

,- .
aO 1112 II

Hence F(z) and therefore p(z) has no zeros in

.

{

laolll12

)
Izl<mm n+1 n+1 ,II'

Ian III + anll - aol2

Again, by (3.4). we have

G(z) =-an + 4>(z),say.

We now have on Izi = 1/11

I" 12
14>(z)lS; an - ao- +

~

1 + laol---;-I (by (1.1) and (1.2»
If If

which. by Schwarz's lemma, helps us to write

(

12 12

J
I4>(z)lS; an - ao--;:tt + laol--;:tt IzII], IziS;1/11'

I] II

and therefore, by (3.7), we have

(3.6)

(3.7)

(3.8)
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(

t2. t2

)
IG(z)1 ~ lalll- lIlI - ao -;:;:( + laol-;:;:( Izlt(.tl t,

>0,

Izi S; lit)

if

.

{

lanl I

}
Izi< mm t2 /2 . t;" .

a" - aO -;:;:( + IaO I -;:;:(
/( t(

Hence F(z) and therefore p(z) has no zeros in

{

t2 /2

}

all - ao-;:;:( + laol~
.

I
/1 t(

Izi > max lanl ,t1 .

Theorem I now follows. by using (3.7).

Proof of Theorem 2: It is similar to the proof of the result [6, Theorem], with
two changes:

"

(i) L Itaj-aj_dtl being broken into (p+ I) sums (corresponding to pJ:I

integers kit k2, . . . , k,,). instead of two sums (corresponding to one integer k).
n

(ii) L /t[3j-[3l-llri being broken into (q + I) sums (corresponding to qj:1

integers rlt r2. . . . . rq), insteadof two sums (correspondingto one integer r).
and so we omit the details.

Proof of Theorem 3: It is also similar to the proof of the result [6. Theorem].
with two changes:

(i) inequality (obtainable by Lemma 3)

Itar aj-II S;(Itlajl-Iaj_ dl) cos a + (tlajl + 10j-d) sin a.

instead of the inequality

Itaj - aj _ II S; Itaj - aj _ (I + It[3j- [3j_ ] I.
"

(ii) L I/ lajl-laj_111 /j being broken into (p + I) sums (corresponding to Pj:1

integers kl, k2, . . . ,k,,). insteadof two sums (corresponding to one integer k),
and so we omit the details.

Proof of Theorem 4: It is also similar to the proof of result [6, Theorem],
with Iwo changes:
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(i) inequality (obtainable by Lemma 5)

Itaj- aj_ll:S;Itlajl-Iaj-III + ItI~jl-I~j-III + 2tl12lajaj_1I1/2sina,

instead of the inequality

Itaj- aj_ll:S;ltaj- aj-II + I~j- ~j-II,
n

(ii) no break up of L Itl~jl-I~j-dlri
j=I

and so we omit the details.
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